An anisotropic constitutive model is proposed in the framework of finite deformation to capture several damage mechanisms occurring in the microstructure of dental enamel, a hierarchical bio-composite. It provides the basis for a homogenization approach for an efficient multiscale (in this case: multiple hierarchy levels) investigation of the deformation and damage behavior. The influence of tension-compression asymmetry and fibermatrix interaction on the nonlinear deformation behavior of dental enamel is studied by 3D micromechanical simulations under different loading conditions and fiber lengths. The complex deformation behavior and the characteristics and interaction of three damage mechanisms in the damage process of enamel are well captured. The proposed constitutive model incorporating anisotropic damage is applied to the first hierarchical level of dental enamel and validated by experimental results. The effect of the fiber orientation on the damage behavior and compressive strength is studied by comparing micro-pillar experiments of dental enamel at the first hierarchical level in multiple directions of fiber orientation. A very good agreement between computational and experimental results is found for the damage evolution process of dental enamel.
Introduction
Dental enamel exhibits both high strength and high toughness simultaneously in spite of a high volume fraction of fibrous hydroxyapatite (90%), a mineral with generally brittle fracture behavior (Fratzl and Weinkamer, 2007) . Many studies on the structure-property relationship reveal that nano-sized mineral fibers aligned in a staggered manner in the hierarchical microstructure lead to extraordinary mechanical properties (Chen et al., 2012; Bechtle et al., 2012) . Recently, many groups mimic the building principle of dental enamel for developing bio-inspired nano-composites for high performance components (Chen and Pugno, 2013; Espinosa et al., 2009; Humburg et al., 2014) . clarify the relationship between the unique microstructure and the high damage resistance of enamel Scheider et al., 2015) . Due to the anisotropy of the microstructure and complex damage mechanisms, the deformation and damage modeling of dental enamel are still challenging tasks. Most research efforts focus on modeling the deformation and damage behavior under uniaxial tensile loading perpendicular to the fiber direction (Jäger and Fratzl, 2000; Gao et al., 2003; Bar-On and Wagner, 2011) . However, enamel is mainly loaded by compressive and shear forces during mastication and chewing cycles . Furthermore, the orientation of mineral fibers strongly depends on the location in the enamel and the hierarchical level. Therefore, the investigation of the deformation and damage behavior under compressive loading in fiber direction and inclined to the fiber is crucial for understanding the structure-property relationship of enamel. In addition, linking microstructural characteristics to the macroscopic behavior is necessary for simulating the (homogenized) mechanical response of enamel at higher hierarchical levels and estimating the critical loading of components made by bio-inspired nano-composites. To this end, in the present work, an anisotropic damage model is developed in the framework of continuum damage mechanics and validated by a 3D micro-mechanical model under different tensile, compressive loadings.
In recent years, extensive experimental and computational studies at different length-scales contributed to describe the correlation between high damage tolerance and micro-structural features of enamel, e.g., the aspect ratio of mineral fiber, the fraction of protein, the arrangement of the mineral fiber, as well as the hierarchical structure (Bargmann et al., 2013; An et al., 2012; Bechtle et al., 2010) . Barthelat (2014) elaborated a step-by-step approach to design and optimize staggered composites by employing a periodic micro-mechanical model including a failure criterion for the mineral fiber based on fracture mechanics. Lu et al. (2012) introduced a monoclinic anisotropic model based on a 3D micromechanical analysis, which takes into account the orientation changes of the hydroxyapatite crystals and their spatial elastic property variations. An et al. (2012) performed multiscale numerical simulations and found that the nonuniform arrangement of mineral crystallites in prisms enhances the energy dissipation and retains sufficient stiffness for the outer enamel. The majority of these models focused on modeling tensile behavior of enamel based on the small deformation theory. Very limited effort was dedicated to investigate the influence of the mineral fiber orientation on the damage behavior and strength of enamel in the framework of finite deformation. However, this is important for developing a general 3D constitutive model of enamel and must be taken into account to accurately predict the damage accumulation process at different hierarchical levels.
Since dental enamel can be regarded as a fiber reinforced bio-composite with a hierarchical structure, constitutive models for nonlinear anisotropic deformation behavior of fiber reinforced materials in the finite deformation regime can be applied. In the past decades, a large number of phenomenological hyperelastic models have been proposed (Ogden, 1972; Yeoh, 1993; Ehret and Itskov, 2009) In order to simulate the damage behavior of fiberreinforced composites, continuum damage mechanics has widely been applied to describe the damage accumulation process in different damage modes (Chaboche et al., 1995; Lapczyk and Hurtado, 2007; Maimí et al., 2007; Peña, 2011; Mengoni and Ponthot, 2015; Vasiukov et al., 2015) . However, there exists no model capturing the features of matrix damage, fiber damage and interface debonding simultaneously and their interactions with sufficient accuracy. In the present work, an anisotropic damage model is proposed in the framework of finite deformation mapping (i) debonding of interface between mineral fiber and protein, (ii) damage of matrix and (iii) breaking of mineral fibers. A hyperelastic model that describes the nonlinear deformation behavior under various loading condition builds the basis for a proper damage model. Particularly, the influence of tension-compression asymmetry and fiber-matrix interaction on the deformation behavior of dental enamel is studied in 3D micromechanical simulations. The damage process incorporating different damage mechanisms is studied numerically for dental enamel as a role nano-composite with high and low fiber aspect ratios, which involve two typical failure mechanisms, i.e., the breaking of the fiber (for high aspect ratio) and degradation of interface and matrix (for low aspect ratio). The present model is applied to the first hierarchy level for investigating its predictive capability. Further, the simulation results are compared to experimental results from micro-cantilever beam and micro-pillar experiments. Finally, the effect of the fiber orientation on the damage behavior and compressive strength is investigated.
The novel homogenized damage model, which is developed based on RVE simulations, is able to predict the averaged behavior of the microstructure and take into account the different failure mechanisms by means of distinct damage variables as internal variables. The numerical homogenized approach presented in this work can be applied to higher hierarchical levels for efficiently studying structureproperty relationship at higher hierarchical levels and the role of the hierarchical level on the damage-tolerance behavior, since dental enamel can be regarded as a bio-composite with a self-similar structure at each hierarchical level.
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2.
Anisotropic hyperelastic damage model of dental enamel
As outlined in the introduction, dental enamel possesses a fibrous microstructure with several hierarchy levels. In order to predict the mechanical response, a homogenized constitutive model based on the microstructure at a lower hierarchical level is required to capture the anisotropic response of the material at higher hierarchical levels. The anisotropy results from the presence of a unidirectional alignment of mineral fibers. In this section, an anisotropic damage model is developed to describe the homogenized deformation and damage behavior of dental enamel at the first hierarchical level. The model is formulated within the framework of finite deformation, since the macroscopic fracture strain can reach up to 10% in micro-pillar tests and the local deformation can be much larger due to the debonding of interface and localization of strains.
Kinematics of finite deformation
Following the standard concept for describing the deformation of material, X and x denote the position vectors of a material particle in the reference and current configurations, respectively. The direction vector of fibers in the reference configuration is denoted by a 0 . The deformation gradient F is defined as F ¼ ∂x ∂X . The relevant strain invariants of the right Cauchy-Green deformation tensor C ¼ F t Á F used throughout the investigation are given as:
A multiplicative decomposition of F into dilatation and isochoric parts is used here, since damage might act differently on these deformation modes (Flory, 1961; Gasser et al., 2006) :
Damage model within the framework of thermodynamics at finite deformation
Based on the knowledge from the small scale testings and multiscale simulations, an anisotropic damage model is proposed to describe the damage process of dental enamel. Regarding the characteristics of deformation and damage behavior of dental enamel, the Helmholtz free energy density is divided into four parts:
where D m , D f and D int are defined as matrix damage, fiber damage and interface damage, respectively. Ψ m and Ψ f are the corresponding free energy density terms of matrix and mineral fiber. Ψ int is the free energy density induced by the fiber-matrix shear interaction. Ψ D is the free energy density related to the internal variable of the damage strengthening in the matrix and the interface, α. Internal forces in fibers are transported by the interface from the matrix and contribute to the damage of the interface. Thus, the interface damage D int occurs in the free energy terms of the fiber as well as the fiber-matrix interaction. The constitutive model should be consistent with thermodynamic laws and principles of continuum mechanics. The material's damage process is an irreversible process obeying the second law of thermodynamics. This is exploited by means of the Clausius-Duhem inequality for the dissipation D int as (Coleman and Noll, 1963) 
in the isothermal case, where S is the second Piola-Kirchhoff stress tensor. Inserting Eq. (2) into Eq. (3), the ClausiusDuhem inequality reads
Consequently, the second Piola-Kirchhoff stress tensor must satisfy
since the Clausius-Duhem inequality has to be fulfilled for admissible cases. The stress derivations for the single energy terms are given in Appendix C. The thermodynamic forces with respect to a number of internal variables incorporating different damage variables are derived from the Clausius-Duhem inequality condition as
where Y m , Y f and Y int are the corresponding damage driving force with respect to matrix damage, fiber damage and interface damage, respectively. A is the thermodynamic driving force associated with the damage strengthening α.
Free energy density functions
The individual parts of the free energy densities in Eq. (2) are explained in detail, namely those for the matrix Ψ m , the fiber Ψ f , and the matrix-fiber interface Ψ int . The free energy density related to damage strengthening, Ψ D , is not presented here, since the stress, which is the derivative of Ψ with respect to C according to Eq. (5), does not have a contribution from Ψ D (Ψ D only depends on α, but not on C). However, the damage driving force AðαÞ affects the damage evolution of the matrix and the interface, and therefore it will be derived later in Section 2.4.
Free energy density function of the matrix
The free energy density function of the matrix is formulated by coupling the hyperelastic behavior with the matrix damage D m following Lemaitre:
The free energy density of the matrix in the undamaged state Ψ 
where K is the bulk modulus and β describes the tensioncompression asymmetry behavior. C 1 and C 2 are material parameters in the isochoric part of the strain energy density. Both parts of the energy density have a strictly convex form, and the normalization condition, Ψ 0 m ðI 1 ¼ 3; J ¼ 1Þ ¼ 0, is satisfied by Eq. (8). The isochoric part is written as an exponential function to reflect the nonlinear deformation behavior of the matrix. The volumetric part follows the function form proposed by Ogden (1972) .
The hydrostatic stress of the matrix is derived from the volumetric strain energy function by
The tension-compression asymmetry of the normalized hydrostatic stress increases with the increasing β as depicted in Fig. 1 .
Free energy density function of the fiber
In bio-composites with a staggered alignment of fibers, stresses are transported to the fibers by the interfaces from the matrix -according to the shear-lag model (Gao et al., 2003) . Hence, the damage of the interface reduces the stress transported to the fibers in addition to the fiber damage itself. Consequently, the free energy density function of the fiber should account for this coupling, for example, via
Following the description of the strain energy stored in the fiber in Holzapfel et al. (2000) , the strain energy function of the fiber in the undamaged state Ψ 0 f reads
where C 3 and C 4 are material parameters.
Free energy density function for fiber-matrix interaction
The basic idea of the geometric description for fiber-matrix interaction, following Peng Peng et al., 2006 , is explained briefly in Appendix B. The free energy contribution from the fiber-matrix interaction is assumed to be related to the relative shear angle between the fiber and the matrix plane, cf. also Peng et al. (2006) . As shown in Fig. 2 , we define a geometric variable
to quantify the fiber-matrix shear interaction of composites. The free energy density with respect to the fiber-matrix shear interaction is formulated as
where the undamaged free energy density of the fiber-matrix interaction is defined as Ψ 0 int ¼ C int φ 2 . C int accounts for fibermatrix interaction, and is identified by the micromechanical simulation of the material response under different shear loadings based on a 3D RVE.
Damage initiation criteria and evolution laws
In this section, we introduce criteria for activating the damage process by postulating damage potentials in the thermodynamic force space for three damage modes, i.e., matrix damage, fiber damage and interface debonding. In addition, evolution laws for the damage variables are derived for describing the nonlinear damage accumulation process. Recalling Eq. (6), the thermodynamic forces associated with the damage variables are derived via the defined strain energy density in the undamaged state as
A strong interaction between interface and matrix damage exists during the damage process in the composites. For instance, the damage of the interface can cause stress concentrations in the matrix, which accelerates the initiation and propagation of matrix damage. In contrast, the fiber is shielded by interface damage; that is, an accelerated damage in the fiber is not caused by the development of interface damage. Therefore, a combined damage potential for matrix and interface damage F dam mi is defined, while an independent damage criterion is applied to the initiation of fiber damage F dam f . The consistency conditions of the damage potentials must be fulfilled separately in case of active damage evolution:
ð15Þ Fig. 1 -Influence of material parameter β on the hydrostatic stress: the tension-compression asymmetry increases with increasing β. Fig. 2 -Geometric description of the fiber-matrix interaction.
Damage potential of matrix and interface
The damage potential of matrix and interface is proposed as
where the equivalent damage driving force Y eq is defined as
with respect to the interface damage and matrix damage. The consistency condition (15) for this damage potential is written using Eq. (16) as
Damage strengthening α is defined as
and an extended exponential evolution law is utilized for its evolution
where 〈 Á 〉 are the Macauley brackets, i.e., 〈x〉 ¼ ½jxj þ x=2. The double terms formulation provides a more accurate prediction of damage evolution process; however, at the expense of introducing more material parameters. The material parameters By taking the time derivative of Eq. (20), the rate form of damage strengthening is derived as _ α ¼ ð∂α=∂Y eq Þ _ Y eq . Using the relationship between the rate of damage resistance and the rate of the equivalent damage driving force, _ A ¼ _ Y eq , Eq. (18), the evolution of damage resistance _ A is related with the evolution of damage strengthening as
hence,
Damage potential of the fiber
The damage potential of fiber is given as
where the damage resistance Z of fiber is a function of the fiber damage D f . The following exponential damage evolution law is used for modeling the damage evolution process of the fiber,
where Y cf determines the strength of the fiber. The evolution of the damage resistance of the fiber is derived by taking the time derivative of Eq. (24) and using the consistency condi-
In general, the strength of the material is different under tensile and compression loading. Therefore, the critical energy of the fiber Y cf depends on the loading mode:
where Y ten cf and Y com cf are the critical energies of the fiber under tension and compression, respectively.
Damage evolution laws
The evolution of internal variables are deduced by the normality rule based on the defined damage dissipation potentials
Here, _ λ mi and _ λ f are damage multipliers with respect to the damage potential functions F , respectively. Considering the proposed damage potentials, Eq. (27) simplifies to 
Applying the damage evolution equation (27) 
Fiber: Analogically, the consistency condition dF
follows from Eq. (25). Combing Eqs. (31) and (32), the unknowns in the damage evolution equations _ λ f and _ λ mi are solved simultaneously. Then, the rate of damage variables is computed by Eq. (28).
Damage interaction: In the proposed damage model, three damage variables are used for representing different damage mechanisms in dental enamel. The interaction between them is taken into account by using the combined damage potential of matrix and interface. Furthermore, both damages D f and D int are coupled in the fiber hyperelastic energy. In j o u r n a l o f t h e m e c h a n i c a l b e h a v i o r o f b i o m e d i c a l m a t e r i a l s 6 2 ( 2 0 1 6 ) 5 1 5 -5 3 3 addition, the material is assumed to not entirely fail as one damage variable reaches a critical state. On the other hand, the other damage mechanisms should be influenced and the damage accumulation process is accelerated. To this end, a common critical damage value D c r 1 is defined for the three damage variables.
If one damage variable of interface damage or matrix damage D i with i ¼ fint; mg reaches the critical state, D i ¼ D c , the damage evolution process of the other damage variable D j is accelerated
where
are the current damage value, damage driving force and the tangent of damage evolution rate of damage variable D j at the state D i ¼ D c . ω is the influence factor that accelerates the damage evolution process.
In the case of total failure of fibers, D f ¼ D c , the parameters b i ði ¼ f1; 2gÞ in the damage evolution equation of D int and D m are replaced by ωb i .
3.
Micromechanical model of dental enamel
The material response of the composite under tension, compression and shear loading is investigated by a micromechanical model with a 3D, periodic RVE which explicitly takes into account the spatial distribution of the fibers, matrix and interfaces.
Setup of the 3D RVE model
Dental enamel has three hierarchical levels: nano-fibers surrounded by a thin protein layer (intra-rod, level 1), multiple rods of fibers, again surrounded by a protein layer (interrod, level 2), and decussating bundles of rods located near the dentin (Hunter-Schreger bands, level 3). The first and second hierarchical levels are illustrated in Fig. 3 . 3.2.
Load cases
We investigate 9 loading cases for verifying the hyperelastic behavior of the proposed constitutive model, including uniaxial tension and compression in three different directions, shear in the transverse plane, shear along fiber direction, shear perpendicular to the fiber direction (see Fig. 4 ). Shearing perpendicular to the fiber direction (shear mode 3) induces an additional stretch of the fiber, in contrast to shear along the fiber direction (shear mode 2). The average deformation gradient F applied to the RVE has to satisfy
The corresponding macroscopic deformation gradient F for each loading mode is written as 
The overall behavior of the composite is deduced from the relations between the average of the resulting stress field and these boundary conditions. The average of the stress field is determined from the traction acting on the boundaries of the RVE. The average 1. Piola-Kirchhoff stress P is obtained as 
Using the equilibrium equations and the divergence theorem, the average nominal stress P is computed with the reaction force of the auxiliary dummy nodes of each face. The average Cauchy stress of the RVE is calculated by r ¼ J
Simulation of the anisotropic hyperelastic behavior
In the RVE simulations, an Arruda-Boyce hyperelastic model is used to simulate the nonlinear deformation behavior of the protein, while the deformation behavior of the fibers are represented by a Neo-Hooke hyperelastic model. The details of these constitutive models are given in Bargmann et al. (2013) .
The material parameters in the hyperelastic part of the proposed model are identified by adjusting the analytical solution for the anisotropic model to the numerical results of the micromechanical model subjected to four loading conditions: deformation κ of shearing in the transverse plane, tension in fiber direction, compression in transverse direction and shearing along the fiber direction. The details of the identification procedure of the material parameters are found in Appendix D. The material parameters of the anisotropic hyperelastic model are listed in Table 1 for three different aspect ratios.
The comparison between the simulation results of the RVE and the homogenized hyperelastic model is shown in Fig. 5 in terms of the Cauchy stress vs. logarithmic strain. The symbols in the figures represent the simulation results of the RVE model, while the solid lines denote the results using the analytical expressions of the Cauchy stresses in the anisotropic homogenized hyperelastic model. Whereas the RVE simulations take several hours of computation time, the solution of the anisotropic hyperelastic theory is calculated within seconds.
Tension and compression response
The tension and compression behavior is studied in the strain range from À 10% to 10% strain. 1 Both, the average tension and compression behavior in all loading directions are accurately predicted by the present hyperelastic model with the material parameters identified in the previous section. Further, the material response in the two transverse directions x and y are nearly identical, justifying the use of a transversely isotropic hyperelastic model. As shown in Fig. 5a , c, and e, the material behaves stiffer under compression than under tension loading. The difference in transverse direction is apparent for all aspect ratios, while the difference in fiber direction decreases with the aspect ratio due to the additional stiffening effect of the fiber. In order to understand these deformation mechanisms of the composite, the distributions of the logarithmic strain are shown in Fig. 6 for the composite with aspect ratio ρ ¼ 10 at a macroscopic average strain 8% in 6 different load cases, namely tension and compression in three directions.
Under transverse tensile loading, the logarithmic strain of the protein layer is less than 0.5 at a macroscopic average elongation of 8%, while it exceeds 1.5 at a same average strain level under transverse compression. This is due to the fact that the deformation of the composite is induced by the soft protein layer under transverse loading. Furthermore, the thin protein layer and the high fiber volume fraction result in quite different strains of the protein layer under transverse tension and compression. The deformation mechanism under loading in fiber direction is different: the logarithmic strain of the protein layer exceeds 1.0 at a macroscopic elongation of 8% for both tension and compression loading cases, since the load between mineral fibers is transmitted by the shear deformation of protein layer parallel to fiber direction. In other words, the tension-compression asymmetry results from the unique microstructural features of dental enamel, i.e., the staggered alignment of fibers surrounded by an extremely thin soft protein layer of only a few nanometers.
Shear response
The simulation results of the shear loading cases are depicted in Fig. 5b, d and f. Generally, the stress-strain curves in all shear loading cases are accurately predicted by the present hyperelastic model. In the case of transverse shear (shear mode 1), fiber-matrix interaction is not activated during the deformation. Therefore, the stress is significantly lower compared to the other two shear modes. Furthermore, transverse shear is independent of the aspect ratio of fiber. In addition, the shear stress for the case of longitudinal shear (shear mode 2, Fig. 4e ) is slightly lower than for shear in the plane perpendicular to the fiber direction (shear mode 3, Fig. 4f ), since an additional stretch of fiber occurs in the latter. The shear stress contours for all 3 shear loading modes are shown in Fig. 7 for aspect ratio ρ ¼ 10 at the macroscopic shear strain level 20%. It is seen that the shear stress value in the fiber for shear mode 1 is lower than the other two shear modes at identical load levels. This difference indicates a significant fiber-matrix interaction during the deformation process for the latter.
In order to study the influence of the fiber-matrix interaction on the deformation behavior under different shear modes, the fraction of the free energy density induced by The maximum fracture strain is about 8% during micropillars testing of dental enamel in multiple directions . fiber-matrix interaction
is plotted in Fig. 8 for different aspect ratios. The total free energy density is defined as
The simulation results clearly show that the fiber-matrix interaction plays an important role in the deformation behavior under shear mode 2 and 3. For shear mode 1, no fiber-matrix interaction occurs. The shear interaction is more prominent for high aspect ratios: in case of a composite with ρ ¼ 58,
is nearly 20%. The validation of the proposed hyperelastic model under different shear loadings confirms that the effect of fiberinteraction on deformation behavior of the dental enamel is captured by the present fiber-matrix interaction function.
5.
Simulation of damage behavior of the dental enamel Based on the previous results, the present anisotropic hyperelastic model is extended to simulate the damage behavior of dental enamel.
Damage modeling in the micromechanical simulation
The (homogenized) anisotropic damage model is compared to the micromechanical damage models proposed in Ma et al. (2016) . The interface between protein and mineral is modeled by the same cohesive zone model that has previously been used in Scheider et al. (2015) , since this is the most appropriate model for physical interfaces. The constitutive model for the material separation is based on a bi-linear traction separation law, which is defined by two parameters for each direction, the cohesive strength T 0 and the fracture energy Γ 0 . The critical separation, at which the interface has completely failed, δ c , is then given by δ c ¼ 2Γ 0 =T 0 . Identical material parameters for the first hierarchical composite of dental enamel as used in Ma et al. (2016) are employed for the fiber, matrix and interface damage in the present micromechanical simulations. The resulting strengths of fiber and matrix in the continuum damage model are 2000 MPa and 200 MPa, respectively. Furthermore, the strength and fracture energy of interface between fiber and matrix are T 0 ¼ 60 MPa and Γ 0 ¼ 1:5 J=m 2 , respectively. For detailed information the interested reader is referred to Scheider et al. (2015) and Ma et al. (2016) .
Parameter identification of the anisotropic damage model
In addition to the hyperelastic part identified in the previous section, the material parameters of damage initiation and evolution in the proposed damage model are to be calibrated. For this purpose, the same 3D RVE is subjected to uniaxial tension loading in the fiber direction. In dental enamel, it is found that the main damage mechanism is closely related to the aspect ratio of the mineral fiber (Bechtle et al., 2012) . Therefore, it is necessary to study the applicability of the proposed damage model for different aspect ratios which involve different damage mechanisms. Two aspect ratios ρ ¼ 10 and ρ ¼ 58 are selected for studying the damage process of the bio-composites. We have previously shown in Ma et al. (2016) that the failure mechanism differs significantly between these aspect ratios.
Composite with a high aspect ratio
In Fig. 9 , the homogenized tension stress-strain curve obtained from the micromechanical simulation including damage is denoted by black symbols for the composite with aspect ratio ρ ¼ 58. The numerical results are compared to the experimental data from micro-cantilever beam testing (Bechtle et al., 2012) , showing that the micromechanical simulation results are in good accordance with the experimental result.
The initial damage threshold of matrix and interface, Y 0 , is directly calculated at the strain level of damage initiation, which is determined by comparing the simulated stressstrain curves from the RVE simulations with and without damage. The damage initiation of matrix and interface is found at ε ¼ 0:007, which gives Y ten 0 ¼ 0:98 MPa. The critical damage resistance of fiber Y ten cf is adjusted based on the strain at damage initiation of the fiber. Since the fiber is brittle, this point corresponds to the point of maximum stress. For a high aspect ratio, it is found that a single exponential function for α (Eq. (20)) is sufficient to describe the damage evolution process, since the damage of the interface and matrix develops gradually in this case. Therefore, B 2 ¼ 0 is set and only five parameter are left for the identification (b 2 has no effect if Table 2 for the composite with aspect ratio ρ ¼ 58.
In the anisotropic damage model, the different damage mechanisms are distinguished. Therefore, the specific damage evolution curves from the simulation for fiber, Fig. 9 -Comparison of stress-strain curves from the experiment, micromechanical simulation and the anisotropic damage model for the composite with the aspect ratio ρ ¼ 58; (a) stress-strain curves under tension in fiber direction, (b) stress-strain curves from micromechanical simulations under compression in transverse direction for identifying the initial damage threshold Y com 0
. Table 2 -Material parameters in damage model for composite with high aspect ratio ρ ¼ 58.
Fig. 10 -Damage evolution process calculated by the anisotropic damage model for aspect ratio ρ ¼ 58. The interface damage develops more rapidly than matrix damage and dominates for the degradation process of material until the fiber damage is activated.
matrix and interface are displayed separately in Fig. 10 . Under tensile loading in fiber direction, the matrix and interface damage initiate simultaneously at the strain level 0.7%. The interface damage develops more rapidly than matrix damage and dominates for the degradation process of material until fiber damage is activated. Once the loading reaches a critical state, the fiber damage is activated and leads to a rapid loss of loading bearing capacity of the composite, which results in the failure of the composite. The development of multiple damage variables computed by the anisotropic damage model has to be consistent with the computational results of the micromechanical simulation. Considering the micromechanical simulation results, the fiber, interface and matrix damage distribution at an average strain level of 2% are shown in Fig. 11a, b and c, respectively. It is observed that all three damage mechanisms are activated and fiber damage in the middle of the RVE leads to the breaking of the composite. The zones of interface damage are mainly located near the fiber ends. The interface perpendicular to the loading direction (at the fiber ends) is significantly separated and damaged. It is indicated that the interface damage has a higher value than matrix damage.
These observations in the micromechanical simulation confirm that the damage evolution process of the composite with a higher aspect ratio is captured by the proposed anisotropic damage model. 
Composite with a low aspect ratio
In specimen with a low aspect ratio, interface and matrix damage are dominating the failure of the composites Bargmann et al., 2013) . In order to provide a proper constitutive description for composites with different microstructures, the applicability of the proposed damage model to the composite with shorter fibers is investigated using the composite with aspect ratio ρ ¼ 10. The stress-strain relationship from the RVE simulation is illustrated by black symbols in Fig. 12 . The identical strategy for identifying the material parameters is applied to the composite with aspect ratio ρ ¼ 10. The damage initiation of matrix and interface for this composite under tension is found Y ten 0 ¼ 0:62 MPa. Since the material response in transverse direction is independent of the aspect ratio, Y com 0 equals the value of the composite with a large aspect ratio. In specimens with small aspect ratios fiber breaking does not occur, hence, the parameter Y ten cf is set larger than the value according to the maximum experienced stress of the fiber, which leads to the absence of fiber damage. The set of material parameters for the anisotropic damage model is summarized in Table 3 . In general, the proposed damage model with these material parameters provides a reasonable prediction in the stress-strain response of the composite with a low aspect ratio under tensile loading.
The damage evolution curves computed by the proposed anisotropic damage model are displayed in Fig. 13a . In contrast to the composite with a high aspect ratio, the fiber damage is not activated in the composite with a low aspect ratio due to the higher value of Y ten cf , which matches the stress distribution in the micromechanical analysis shown in Fig. 13b . It is seen that the stress level in the fiber is much lower than the strength of fiber. The interface and matrix damage distributions are illustrated in Fig. 13c and f, respectively. Compared to the interface and matrix damage distributions in the composite with ρ ¼ 58, the interface and matrix damage are responsible for the failure of the composite with ρ ¼ 10. Furthermore, due to the introduction of Eq. (33), matrix damage is accelerated as interface damage reaches the critical state at the average strain level 6% in the computation of the anisotropic damage model. The proposed damage model is applied to composites with the two different aspect ratios. The computational results are validated by the micromechanical analysis and experimental data. It is shown that the main damage mechanisms under tension loading are well predicted by the proposed anisotropic damage model.
Comparison to micro-pillar experiments in multiple directions
The anisotropic microstructure of dental enamel indicates a dependence of the material strength on the fiber orientation or loading direction. It is crucial that a successful constitutive model incorporating damage is able to predict this dependence. Therefore, the anisotropic damage model is compared to the micro-pillar tests of including multiple fiber orientations. According to Bechtle et al. (2012) , it is experimentally found that the composite in the first hierarchical level of dental enamel has a very high aspect ratio. The computational investigation suggests that the composite with aspect ratio ρ ¼ 58 can reproduce the material behavior and damage mechanisms of the realistic biocomposite in the first hierarchical level of dental enamel (Ma et al., 2016) . Hence, for the computation we resort to an aspect ratio ρ ¼ 58 for representing the bio-composite in the first hierarchical level of dental enamel.
The stress-strain curves under compression with respect to four different fiber orientations are computed by the proposed anisotropic damage model with the material parameters identified for the composite with the aspect ratio ρ ¼ 58 (Table 2 ). In addition, the initial damage resistance of fiber under tension and compression are identical,
The four fiber orientations include the angle between mineral fiber and the loading direction θ ¼ 01; 231; 651; 901, where θ ¼ 01 represents the fiber orientation parallel to the loading direction, the mineral fiber is aligned perpendicular to loading direction for θ ¼ 901. The different fiber orientation result in significantly different stress-strain curves under compression, cf. 
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Moreover, it is noted that fiber damage leads to the final failure for the cases with θ¼ 01 and θ¼231 under compression, while some interface and matrix damage exist, but these are not dominant (Fig. 15) . For the case of the fiber orientation θ¼ 651, the protein damage develops rapidly and fiber damage is activated at an average strain level of 11%. Fiber and matrix damage mainly contribute to the failure of the composite. Different to the other cases, only matrix damage is activated for compression perpendicular to fiber direction (θ¼901) leading to collapse of the composite. Regarding the dependence of damage mechanisms on the fiber orientation, the computation prediction is in good agreement with the experimental observation in the micro-pillar experiments by , where protein damage leads to the failure of sample with θ¼ 901 and the fiber damage results in the collapse of the sample with θ¼ 01. The predicted strength is compared to the experimentally determined strength in Table 4 . The dependence of the compressive failure strength on the fiber orientation is reasonably well captured by the damage model. The highest strength at the first hierarchical level in dental enamel is found in case of the fiber orientation θ ¼ 901, which involve a large deformation ð415%Þ and gradual development of matrix damage. The failure strength in the cases of θ ¼ 01 and θ ¼ 231 are nearly identical, where the damage mechanisms occurring in the simulation are similar. The compressive strength is overpredicted for all loading cases compared to the experimental results. It probably results from the idealization of fiber orientation in the simulation that all fibers are aligned unidirectionally in the micro-pillar samples, while the experimental observation reveals that HAP crystallites do not align perfectly parallel to each other and seem rather randomly entangled . In addition, the statistical distributions of the mechanical and geometrical properties of the fibers are not taken into account in the simulation.
Conclusions
The present work focuses on proposing the efficient homogenization approach for describing the deformation and damage behavior of the composite at a hierarchical level.
For this purpose, an anisotropic damage model has been developed within the framework of finite deformation to capture the deformation and damage mechanisms of dental enamel. In the present damage model, the effect of fiberprotein interaction is taken into account for describing the deformation behavior of bio-composites under general loading conditions. In addition, the tension-compression asymmetry in the hyperelastic deformation behavior is considered in the formulation of the volumetric part of the strain energy.
In addition, three different damage mechanisms, namely matrix, interface and fiber damage, are incorporated in the model. The damage potential of matrix and interface Fig. 15 -Damage evolution curves under compression in different loading directions. Regarding the dependence of damage mechanisms on the fiber orientation, the computation prediction is in good agreement with the experimental observation in the micro-pillar experiments by . 
accounts for the interaction between matrix and interface damage. The anisotropic hyperelastic model coupled with continuum damage mechanics has been applied to the first hierarchical level of dental enamel. To this end, a numerical homogenization scheme has been applied. Micromechanical simulations of a 3D RVE model of dental enamel have been carried out under different loading conditions for identifying the material parameters of the proposed model, first for the deformation parameters, and then for the damage parameters. Afterwards, the damage model has been validated by comparing the stress-strain curve from micro-cantilever beam tests on dental enamel. Additionally, the predicted strength and damage mechanisms under compression in different directions are validated by micro-pillar experiments of dental enamel in multiple directions.
The simulation results show that the proposed damage model is able to predict the deformation and damage behavior of hard bio-composites with different microstructural features under various loading conditions. The progressive damage accumulation law of matrix, interface and fiber damage is in good accordance with the initiation and development of damage in the micromechanical simulations. Moreover, the activated damage mechanisms in the computation under different loading directions are in good agreement with experimental observations of the micro-pillar experiments on dental enamel performed by . The effect of the microstructure characteristics of dental enamel on the mechanical response is captured by the proposed anisotropic damage model with a proper set of material parameters.
With the presented model, which contains explicit description of fiber, matrix and interface behavior, and a physically based parameter identification procedure, we have developed a sound method, which can be employed for predicting the homogenized constitutive behavior of bio-and bio-inspired fiber-reinforced composites also in large scale simulations without explicitly considering and modeling the microstructure. The present model provides a modeling approach to study, understand the structure-property relationship over different hierarchical levels and the role of the hierarchical level on the damage-tolerance behavior of dental enamel.
ðB:1Þ with the norm of the vector
. The deformed fiber direction vector a is calculated with the deformation gradient tensor F as
where λ F is the fiber stretch during the deformation. The fiber-matrix interaction between the matrix and the fiber is measured by the relative angle θ illustrated in Fig. 2 cos
Following the Cayley-Hamilton theorem, the following characteristic equation of the right Cauchy-Green deformation tensors C should be satisfied,
where I is the second order identity tensor. By multiplying Eq. (B.4) with C À 1 , one has Appendix C. Stress tensor derivation based on the hyperelastic energy coupled with damage According to Eq. (5), the second Piola-Kirchhoff stress tensor is obtained via
ðC:1Þ
The derivatives of the strain invariant with respect to the right Cauchy-Green tensor are derived as follows:
